Abstract. We present a multiscale image approach for contrast enhancement based on a composition of contrast operators. Contrast operators are built by means of the opening and closing by reconstruction. The operator that works on bright regions uses the opening and the identity as primitives, while the one working on the dark zones uses the closing and the identity as primitives. To select the primitives, a contrast criterion given by the top-hat transformation is proposed. Thus, the regions verifying the criterion remain intact as in the original image, whereas the other regions are attenuated by the opening or closing. This choice enables us to introduce a well-defined contrast in the output image. Moreover, by applying these operators by composition according to the scale (size) parameter, the output image not only preserves a welldefined contrast at each scale, but also increases the contrast at finer scales. Because of the use of connected transformations to build these operators, the principal edges of the input image are preserved and enhanced in the output image. Finally, since the contrast operators do not increase the gray level of the image, these operators are improved by applying an anamorphosis to the regions verifying the criterion.
Introduction
Image enhancement is a useful technique in image processing that permits the improvement of the visual appearance of the image or provides a transformed image that enables other image processing tasks ͑image segmentation, for example͒. Methods in image enhancement are generally classified into spatial methods and frequency domain. Concerning spatial methods, the operators can be classified into point and neighborhood operators. While the point-based approaches treat each pixel in the image independently, neighborhood-based approaches use the information of the neighboring regions of a pixel to enhance it. Since the contrast of an image region depends not only on its gray-level value, but also on other parameters, in particular its neighboring regions, neighborhood-based approaches are more interesting methods for enhancing images. The present work focuses on the spatial methods, and in particular, on the use of morphological image transformations. These transformations, which take into account the neighboring regions for affecting a pixel, have become powerful tools in image processing. The methods presented here not only have the objective of improving the appearance, but they can also be used as a preprocessing step for image segmentation. In mathematical morphology ͑MM͒, several works have been focused on contrast enhancement. [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] Among them, some interesting works were made by Toet, 1 Mukhopadhyay and Chanda, 3 and Schavemaker et al. 4 Toet proposes an image decomposition scheme based on local luminance contrast for the fusion of images. In particular, the use of alternating sequential morphological filters as a class of low-pass filters was proposed by Toet. 2 The main idea consists of decomposing an image into a set of light and dark blobs by means of the successive application of a range of size-selective filters. The scheme computes the ratio of low-pass images at successive levels of the pyramid. On the other hand, Mukhopadhyay and Chanda 3 propose a decomposition of the image based on the residues obtained by top-hat transformation. The top hat based on the morphological opening is used to extract bright regions, while the one using morphological closing allows the extraction of the dark zones. This approach for multiscale contrast is the first based on the top-hat transformation. Finally, in Schavemaker et al., 4 an interesting study based on the Kramer and Bruckner 11 transformation is made to propose a class of morphological operators that have sharpening characteristics when concave structuring functions are used. In their work, the partial differential equation governing this class of operators is derived. However, the first formal work in morphological contrast was made by Meyer and Serra 12 who proposed a framework theory for morphological contrast enhancement based on the activity lattice structure. In their work, the idea of Kramer and Bruckner 11 ͑KB͒ for sharpening images is also used. This idea consists of replacing the gray level of a pixel by the minimum or maximum of the gray levels in its neighborhood, according to a proximity criterion; the closest value to the gray level of the original image is chosen. Since the erosion and dilation transformations using flat structuring elements containing the origin compute the local minimum and maximum, the same transformation is obtained by changing the gray value of the original image for the closest of the dilation and erosion values. Given that the dilation is an extensive transformation and the erosion an antiextensive one, the KB algorithm stretches the image. The contrast operators proposed by Meyer and Serra 12 progress in the way suggested by Kramer and Bruckner, but the hypotheses are modified. They not only assume that the transformations are extensive and antiextensive, but also that the transformations must be idempotent. The use of this last hypothesis to build contrast operators avoids the instabilities introduced by the KB transformation in the image when it is iterated, and thus the risk of degrading the image is attenuated. Some derived contrast operators based on top-hat criteria were proposed by Soille. 13 Another form that allows an attenuation of the image degradation problem in the KB algorithm was proposed by Terol-Villalobos 7 by means of a class of nonincreasing filters called morphological slope filters ͑MSF͒. In his work, the dilation and erosion transformations are also used as in the KB transformation, but in a separated way. Instead of using a proximity criterion, a gradient criterion is introduced. MSF have good properties and provide essential contrast to the images. For example, one can define a class of contrast invariants where an element of this class ͑image with an essential contrast͒ is left unchanged by the filters. The main purpose of the filters is to attenuate the zones where the gradient is weak and to leave the rest of the regions unchanged. A parameter is used to discriminate between both zones. By attenuating zones of weak contrast, the contrast of other zones with a strong gradient is increased without changing the gray level of the points belonging to them. An extension of this class of filters was proposed by Terol-Villalobos and Cruz-Mandujano. 8, 9 In this case, the MSF are sequentially applied rendering a selection of features at each level of the sequence of filters. Recently, in Terol-Villalobos, 14 a class of connected MSF was proposed working with the flat-zone notion. The main conclusion in his work is that the connectivity concept, introduced by means of the flat-zone notion, enables better control of the output image by attenuating the sensibility of MSF created by some configurations of blurred edges.
The approach introduced in the present work is based on top hats proposed before by Mukhopadhyay and Chanda. 3 However, the present work does not progress in the way suggested by Mukhopadhyay and Chanda, but in that proposed by Meyer and Serra 12 ͑see also Soille 13 ͒, where the idea to build contrast operators consists in selecting a pattern according to a decision rule. This enables us to characterize the contrast operators proposed in this work by a set of properties, and to enhance the image in a different manner than that proposed by Mukhopadhyay and Chanda. Thus, the opening and closing are used as primitives to build the operators. Nevertheless, in a similar manner for the dilation and erosion in MSF, the opening and closing are used separately ͑opening identity and closing identity͒. The proximity criterion, which selects the primitives in the contrast operators proposed by Meyer and Serra, are avoided, and a contrast criterion, given by the top-hat transformation, is used for selecting the primitives. This type of criterion ensures a well-defined contrast in the output image, according to the top-hat criterion. Furthermore, the use of a top-hat criterion is combined with the notion of multiscale processing to originate a powerful class of contrast mappings. To undertake multiscale processing, the connectivity notion is introduced in the contrast mappings via the reconstruction transformations, and the relevance of using connectivity in contrast enhancement is also shown. The use of filters by reconstruction as primitives allows the definition of a multiscale approach for contrast enhancement.
This work is organized as follows. In Sec. 2, the concepts of morphological filter, filters by reconstruction, granulometry, and the basic morphological contrast operators are presented. Also in this section, the two-and threestate contrast mappings using a proximity criterion as proposed by Meyer and Serra 12 are introduced. In Sec. 3, our proposition of working with a top-hat criterion instead of a proximity criterion for building contrast operators is proposed. In particular in this section, the use of connected transformations as primitives is proposed, and in consequence, enables us to establish a pyramid of connected contrast operators. In Sec. 4, a multiscale approach using connected contrast operators is proposed. Finally, in Sec. 5, the use of anamorphoses in the contrast operators are introduced, which enables the proposal of some improved multiscale algorithms.
Some Basic Concepts of Mathematical Morphology

Basic Notions of Morphological Filtering
Morphological filters are increasing and idempotent transformations. 13, 15, 16 While the increasing property expresses that the order is preserved, one says that a transformation ⌿ is idempotent if and only if for all functions of f , ͓( f )͔ϭ( f ). Basic morphological filters are the morphological opening ␥ B and the morphological closing B with a given structuring element B, where in this work, B is an elementary structuring element (3ϫ3 pixels͒ that contains its origin. B is the transposed set (B ϭ͕Ϫx:x B͖), and is an homothetic ͑scale͒ parameter. In this work, the homothetic parameter only takes integer values. The morphological opening is an antiextensive filter and the morphological closing an extensive filter. These transformations are expressed by means of the morphological dilation ␦ B and morphological erosion B . 13, 16, 17 Thus,
The morphological erosion and dilation are respectively expressed by:
and
where ∧ is the inf operator ͑∨ is the sup operator͒. Another interesting class of filters is composed by the openings and closings by reconstruction. When filters by reconstruction are built, the basic geodesic transformations, the geodesic dilation, and geodesic erosion of size 1 are iterated until idempotence is reached. 18 The geodesic dilation and the geodesic erosion of size 1 are given by ␦ f 1 (g)ϭ f ∧␦ B (g) with f уg and f 1 (g)ϭ f ∨ B (g) with f рg, respectively. When the function g ͑the marker͒ is equal to the dilation or erosion of the original function by a given structuring element, the closing and opening by reconstruction are obtained. 
This ordering relationship implies that the greater the parameter, the opening ͑closing͒ becomes more severe. The morphological opening ͑closing͒ and the opening ͑closing͒ by reconstruction that is used in the present work, with homothetic structuring elements of the set B (3ϫ3 pixels containing its origin͒, form granulometries ͑antigranulom-etries͒.
Morphological Contrast Detectors and Contrast Mappings
Morphological gradients and top-hat transformations
Morphological gradient operators are contrast detectors. 20 Morphological gradient is given by the formula
Other interesting morphological gradients are the morphological internal and external gradients, respectively, defined by the following:
On the other hand, the top-hat transformation is simply the arithmetic difference of the original function from the opened one ͑or the difference of the closed function from the original one͒:
Because opening is antiextensive, the function f Ϫ␥ ( f ) is nonnegative ͓in the same way as the function ( f )Ϫ f ]. This transformation was proposed by Meyer ͑see Serra 17 ͒. Generally, these transformations are followed by a threshold operation for obtaining a binary image containing the structures with a given size and contrast. Indeed, the top-hat leads to a size distribution involving contrast of the image. Both transformations, morphological gradients, and top-hat transformations play a main role in image segmentation.
17,21
Contrast mappings
In Serra, 15 the activity lattice notion was introduced to propose the center and self-dual filtering in mathematical morphology. The main goal of the proposal was the construction of transformations combining the advantages of the median filter and those of the weighted moving average. Based on this activity lattice structure described in Serra, 15 the morphological contrast mappings were introduced in Meyer and Serra. 12 This type of contrast operator satisfies the activity order relation. In the activity lattice, a mapping 1 is said to be less active than a mapping 2 ( 1 ՞ 2 ), when 2 ( f ) changes more points of f than 1 ( f ), for a given function f . The activity ordering is as follows:
The idea developed by Meyer and Serra 12 consists in associating a function f with a series of possible transforms i ( f ) and a decision rule ͑criterion͒, which determines at each point x the best ͑in the sense of contrast enhancement͒ among the values i ( f )(x). An interesting and simple decision rule consists in comparing a function f with the patterns, and to choose at each point x the closest value between them and the original function. Consider the case of two contrast mappings; the first one composed by the opening and closing as primitives ͑two-state contrast͒, and the second one formed by the opening, closing, and the original function ͑three-state contrast͒. To select the primitives, the following proximity criterion 12 is used:
The values of (x) are between 0 and 1. Based on this criterion, the two-and three-state contrast operators are given by the following expressions:
.
͑6͒
Consider the two-state contrast mapping. At point x, the gray level of the original image is compared with those of the opened and closed images. If f (x) is closer to ( f )(x), the output image is affected by ( f )(x), otherwise the gray-level value of ␥ ( f )(x) is chosen. Since the closing is an extensive transformation and the opening an antiextensive one, this operator stretches the image. Observe that the proximity criterion can be expressed in terms of the top-hat transformations:
. These operators are investigated in the next section.
Morphological Contrast Operators
In this section, a study of contrast mappings is made. Initially, in Sec. 3.1, the contrast mappings based on a proximity criterion are investigated. Next, in Sec. 3.2, the contrast mappings based on the top-hat criterion are introduced. In particular, the differences between the contrast mappings using a proximity criterion and those based on top-hat criterion are illustrated. Finally, in Sec. 3.3, the contrast mappings based on the top-hat criterion are shown to form a pyramid.
Contrast Mappings Based on a Proximity Criterion
To propose a class of two-state contrast mappings based on a contrast criterion, we study in this section the contrast operators given by Eq. ͑6͒. Figure 1 illustrates the behavior of the two-and three-state contrast mappings. Figures 1͑b͒  and 1͑c͒ show the output images obtained by the two-and the three-state contrast mappings using the morphological opening and closing as primitives, with ϭ30, ␤ϭ1/2, and ϭ30, ␤ϭ1/3, ␣ϭ2/3, respectively. Observe that the im- two-state contrast mappings with ϭ30 and ␤ϭ1/2 using morphological opening and closing, (c) three-state contrast mapping with ϭ30, ␤ϭ1/3, and ␣ϭ2/3 using morphological opening and closing, (d) two-state contrast mapping using opening and closing by reconstruction with ϭ30 and ␤ϭ1/2, (e) two-state contrast mapping using opening and closing by reconstruction with ϭ90 and ␤ϭ1/2, (f) opening by reconstruction with ϭ90, and (g) closing by reconstruction with ϭ90.
age computed by the two-state contrast operator has regions with higher contrast than the one obtained for the threestate contrast. Now, let us use the two-state contrast mapping based on the opening and closing by reconstruction as primitives. For ϭ30 and ␤ϭ1/2, the output image illustrated in Fig. 1͑d͒ is practically equal to the input image ͓Fig. 1͑a͔͒. For ϭ60 and ␤ϭ1/2, a similar result is found. Then, the size parameter is increased to look for a contrast modification. Figure 1͑e͒ illustrates the two-state contrast mapping using opening and closing by reconstruction as patterns, with ϭ90 and ␤ϭ1/2. This last operator has practically left all regions unchanged. This is the main problem when this type of primitives is used to build the contrast mapping. For stretching an image region, both transformations, the opening and the closing, must modify it, otherwise it will remain intact ͑proximity criterion͒. The images in Figs. 1͑f͒ and 1͑g͒ show that many regions of the image are practically unmodified either by the opening by reconstruction or by the closing by reconstruction, respectively. Observe that around the kid's eyes, the contrast is modified because both primitives have modified these regions. One can also observe that the opening by reconstruction with ϭ90 modifies more regions than the closing by reconstruction. This means that the size of the dark and black structures on the image plays a fundamental role for obtaining the output image. Thus, due to the importance of the structure size, a comment about this parameter is required. The size ϭ30 used to compute the images in Fig.  1 was arbitrarily chosen. Moreover, the same parameter was used for both patterns: the opening and closing. However, dark and bright structures in the images do not generally have the same size; therefore, there is no reason to use the same value of the parameter for the opening and closing. To illustrate interest in the use of different sizes for the primitives, the sizes of the dark and bright regions were computed from the image in Fig 2͑a͒ using the size distribution concept. Size distribution ͑or granulometry͒ is the most widely used parameter to study the sizes of the structures ͑see Serra 15, 17 ͒. Figure 3͑a͒ illustrates the antigranulometric density function obtained from the image in Fig.  2͑a͒ using morphological closings. Since this is a simple image, one observes that the principal structures are between ϭ1 and ϭ22. A similar procedure was followed to compute the bright structures in the image using morphological openings ͓Fig. 3͑b͒ shows the granulometric density function͔. However, in this case, it is not easy to choose the value. Nevertheless, this was selected equal to 15 after studying the output images for several values. Once the sizes of the opening and closing were selected, the following test was made. The images in Figs. 2͑b͒ and 2͑c͒ were computed by means of two-state contrast mappings, using the same value for the opening and closing. The parameter value used for computing the image in Fig.  2͑b͒ was ϭ15, while the parameter value used to compute the image in Fig. 2͑c͒ was ϭ22 . Finally, the image in Fig.  2͑d͒ was computed by a two-state contrast mapping using the parameter values ϭ15 for the opening and ϭ22 for the closing. Observe the degradation of some regions in the output images when the same parameter value is used for both primitives. Then, the selection of parameter values obtained for the dark and bright structures of the input images enables the computation of a better result. Nevertheless, the selection of the dark and bright structure sizes of the image, using a size distribution study, is not easy. In fact, the connected components of the image are broken by the morphological opening generating other structures, which do not belong to the input image. For instance, consider the output images ␥ 1 ( f ) and ␥ 2 ( f ) with 1 Ͻ 2 . Figures 4͑b͒ and 4͑c͒ illustrate the output images computed from the image in Fig. 4͑a͒ by the morphological opening for 1 ϭ20 and 2 ϭ40, respectively. The opening ␥ 1 ( f ) removes structures from the image smaller than the structuring element 1 B, while ␥ 2 ( f ), it removes those smaller than 2 B. However, the difference ͓␥ 1 ( f ) Ϫ␥ 2 ( f )͔ contains structures smaller than 1 B ͓Fig. 4͑d͔͒. In other words, the output image ͓␥ 1 ( f )Ϫ␥ 2 ( f )͔ is not an invariant of the opening ␥ 1 ͓Fig. 4͑e͔͒. On the contrary, this is not the case for the opening by reconstruction. In this case, the following property is obtained. Property 1. Let ␥ 1 and ␥ 2 be two openings by reconstruction with 1 Ͻ 2 . Then, for all images f , the difference
This condition ensures that no structure smaller than 1 inside ͓␥ 1 ( f )Ϫ␥ 2 ( f )͔ exists. In Figs. 5͑a͒ and 5͑b͒, the size distributions using morphological openings and openings by reconstruction, respectively, were computed for the image in Fig. 4͑a͒ . In particular, observe that the different scales are better defined when the openings by reconstruction are used to compute the granulometry. On the contrary, when the morphological openings are used, the scales are not well defined because of the previously described problem. Several interesting properties of the filters by reconstruction can be found in Crespo, Serra, and Schafer, 22 Crespo and Maojo, 23 Heijmans, 24 Serra and Salembier, 25 and Salembier and Serra. 
Contrast Mappings Based on Top-Hat Criteria
In this section, a study of contrast mappings is made, but instead of using a proximity criterion for selecting the pattern, a contrast criterion given by the top-hat transformation is used. Interest in the use of this type of criterion consists in knowing the contrast introduced in the output image. This idea comes from the notion of morphological slope filters, 7 where at each point of the gradient of the output image computed by this class of filters, the gray level is greater than a given parameter or equal to zero. However, the top-hat criterion seems to be more interesting than the gradient one. We know that the contrast of an object depends on the luminance of its surroundings. Then the gradient transformation is a good criterion to decide how to increase the contrast in the image. However, contrast is a more complex notion and it depends on different parameters. Among the different parameters, the size of the region plays a main role. Thus, the top-hat transformation that selects a region according to its size and its gray-level difference with the neighboring regions must permit a better control of the contrast in the output image. To introduce our propositions, let us express the two-state contrast mappings defined in Eq. ͑6͒ under the following form:
where the proximity criterion can be expressed in terms of the top-hat transformations;
Observe that (x) represents the top hat on dark regions, while Ј(x) represents the top hat on bright ones; both top-hat values are normalized to the top-hat transformations on dark and bright regions. Also, note that the parameter ␤ plays the role of a threshold for selecting the primitives. When (x) is between 0 and ␤, the closing affects the output image, while if Ј(x) is between 0 and 1Ϫ␤, the opening is used. Thus, to select primitives, one uses the smallest values of the top-hat transformations and not the highest values, as it is the strict definition of the top-hat transformation. For instance, when ␤ is equal to 0.5, the rule to choose the primitive for sharpening the images is based on the smallest value between (x) and Ј(x). Indeed, the smallest top-hat value between the top hat working with dark structures and working with bright structures is chosen to select the primitive. For ␤ϭ0, the contrast operator becomes W ,␤ 2 ϭ␥ ͑only the dark gray levels are enhanced͒, while for ␤ϭ1, one has the operator W ,␤ 2 ϭ that works with bright structures. Now let us introduce our proposal. Contrary to the contrast operator that uses the morphological opening and closing as primitives, one proposes two operators using the opening and closing in separated ways, as defined by the following relationships: Fig. 3 (a) Antigranulometric density function using morphological closings, and (b) granulometric density function using morphological openings.
The first operator works on bright structures, whereas the second one works on the dark regions. To enhance the image, the regions verifying the top-hat criterion are not modified, and the regions with low contrast ͑the contrast criterion is not verified͒ are attenuated to increase the contrast of those that remain intact. Consider the first operator using the original and the opened images as patterns. To enhance the image, the opened image serves as the background for detecting the regions size with a contrast greater than the parameter . The use of a contrast criterion to build these operators allows the classification of the points in the domain of definition of f in two sets:
• a set S , ( f ) composed by the regions of high contrast, where for all points xS , ( f ), is strictly established. Then, we can say that the output image has a well-defined contrast according to the following definition.
Definition 2. An image is said to have a well-defined contrast if one can classify its points in two sets according to a top-hat criterion; a set of points where the top-hat value is equal to zero and a set of points where the top-hat value is greater than a parameter . Now, observe in Eq. ͑7͒ that the symbols of the morphological opening ␥ and the morphological closing are used as patterns to define the contrast operators. Nevertheless, in their place, other types of openings and closings can be used. Figure 6 illustrates the different behaviors of the contrast enhancement when using the morphological opening or the opening by reconstruction. Figure 6͑b͒ shows the two-state contrast mapping using the morphological opening and the original image as primitives, while Fig. 6͑c͒ illustrates the two-state contrast mapping using the opening by reconstruction and the original image as patterns. In particular, observe the degradation of the output image produced by the contrast mapping when the morphological opening is used as a primitive. This is not the case when the opening by reconstruction is employed. Also, one can see Remark 2. In general, the two-state contrast operator , ␥ using the opening and the original function as patterns are analyzed in this work. However, similar properties and comments can be made when the closing is used as primitive ( , ). Now, let us show some interesting properties of these operators by studying how the contrast is modified in the input image to obtain the output one. The case of the contrast mapping using the opening and the original function as primitives is studied. By construction, this contrast mapping is an antiextensive transformation. Thus, for all functions of f , the following ordering relation is verified:
Since the morphological opening is a strong filter, one ob-
Remember that a morphological filter ⌿ is said to be strong if it satisfies the following relationship ͑see Serra 15 ͒:
This expression implies the following robustness condition:
Then, by applying this last relation to the opening and using gϭ ,
This means that the top-hat of the output image 
Observe that by definition of the operator , ␥ , the output image is composed by gray-level zones given by ␥ ( f ) or by f . Thus, for all points xS , ( f ), and for all points xS , c ( f ),
Thus, the two-state contrast operators based on a top-hat criterion not only classify the high and weak contrast regions S , ( f ) and S , c ( f ) of the input image, but also impose a well-defined contrast to the output image. From this previous analysis, observe that S , ͓ , ␥ ( f )͔ ϭS , ( f ), thus the following property.
Property 3. The two-state contrast operator , ␥ is an idempotent transformation. For a given function f , , ␥ , ␥ ( f )ϭ , ␥ ( f ). Similar properties ͑2 and 3͒ can be expressed for the contrast operator , , which uses the closing and the original function as primitives.
Composition of Two-State Contrast Mappings
Based on the Parameter It is common in MM to employ a composition of a family of filters depending on some particular parameter. This notion, frequently used for morphological filtering, motivates us to study the class of two-state contrast mappings from this point of view. It is shown that the composition of twostate contrast mappings based on the parameter generates a pyramid, and in particular, when the opening and closing by reconstruction are used as primitives, a pyramid of connected contrast operators is obtained.
Pyramid of contrast mappings
The term pyramid in image processing consists of a family ͕⌿ ͖ depending on a parameter Ͼ0 ͑for a complete study see Serra and Salembier, 25 and Salembier and Serra
26
͒. These operators verify the property, establishing that for all pair of parameters , with р, the composition ⌿ ⌿ belongs to the family. Moreover, the operator ⌿ can be directly applied to ⌿ , or composed by a given ⌿ v . This property implies that each level resumes all the past. This means the following.
Definition 3 (pyramid of operators).
A pyramid of operators is a family ͕⌿ ͖ depending on a positive parameter , such that for each уу0, there exists vу0, such that
An attractive pyramid in MM is formed by the granulometry of openings of structuring element size . In the case of a family composed of openings, in particular in granulometries, ␥ ␥ ( f )ϭ␥ ␥ ( f )ϭ␥ max͕,͖ (f ). This means that the strongest operator imposes its effects. Let us study the behavior of the composition of operators , ␥ with respect to the parameter . Take the case of a composition of two operators , i 
and,
and they have different values inside the region, defined by
Thus, the following ordering relation can be established: 
With regard to the high-contrast regions, we have
This means that the greater the parameter is, the stronger its effects. Moreover, when a composition of contrast operators is applied, the strongest operator imposes its effects, as expressed by the following property. 
See the Appendix in Sec. 7 for the proof. Property 4 is also verified by , .
Pyramid of connected contrast mappings
Property 4 is also true when the opening ͑closing͒ by reconstruction is used to build the contrast operators. Furthermore, when the opening ͑closing͒ by reconstruction is used as primitive in Eq. ͑7͒, a pyramid of connected operators for functions is generated. This interesting property explains the effect of image simplification without introducing new contours. To show that the contrast operators based on openings and closings by reconstruction form a pyramid of connected operators, let us introduce the notion of connected operators. There exist several ways of defining the notion of connected operators in the gray-level case. An interesting way of introducing connectivity for functions is via the flat-zone concept and partitions. First, the flat zones of a function are the largest connected component of points with the same gray-level value. On the other hand, a partition of space E is a set of connected components ͕X i ͖, which are disjointed (X i പX j ϭл), and the union is the entire space (ഫX i ϭE). Thus, since the set of flat zones of a function constitutes a partition of the space, a connected operator for functions can be defined as follows ͑see Salembier and Serra
26
͒.
Terol-Villalobos: Morphological connected contrast mappings based on top-hat criteria . . .
Definition 4 (connected operator for functions).
An operator acting on gray-level functions is said to be connected if, for any function f , the partition of flat zones of ( f ) is less fine than the partition of f . Thus, in a pyramid ͕⌿ ͖ formed by connected operators, the flat zones increase their size with ; the flat zones are merged. The classical pyramid of connected operators is the granulometry based on openings by reconstruction; for Ͻ, the partition of ␥ ( f ) generated by the flat-zone notion is finer than that of ␥ ( f ). Consider the difference f Ϫ␥ ( f ). The partition of f generated by the flat-zone notion is finer than that of ␥ ( f ). This means that each flat zone of f is included in a flat zone of
, it is also satisfied for all points x of the flat zone of f to which x belongs. Similarly, if at point x the contrast criterion is not verified, then all the points of the flat zone do not verify it. In other words, the difference ͓ f Ϫ␥ ( f )͔ does not break the flat zone. This means that the top-hat transformation using the opening ͑closing͒ by reconstruction is a connected transformation. An interesting study on connected top-hat transformations has been recently made by Jalba, Roerdink, and Wilkinson. 27 Thus, since the top-hat transformation is connected, this implies by construction of the operator , ␥ that the latter is also a connected operator. The partition of the output image of this operator is composed by flat zones of f and other flat zones merged by ␥ . A similar result can be expressed for the contrast operator based on the closing by reconstruction. This important property of the contrast mappings based on openings and closings by reconstruction are used next to define a multiscale approach for contrast enhancement.
Multiscale Morphological Contrast Based on the Size Parameter
As seen in Sec. 3.3.2, the contrast operators based on the opening ͑closing͒ by reconstruction allow the simplification of the image by preserving contours. In this section, the different scales ͑sizes͒ of the image are taken into account for increasing the contrast of the output image. To introduce the scale parameter, a composition of contrast operators, depending on the size parameter, are applied. To generate a multiscale processing method, some properties are needed. Between them, causality and edge preservation are the most important. Causality implies that coarser scales can only be caused by what happened at finer scales ͑Meyer and Maragos 28 ͒. The derived images contain fewer and fewer details: some structures are preserved, others are removed from one scale to the next. Particularly, the transformations should not create new structures at coarser scales. On the other hand, if the goal of image enhancement is to provide an image for image segmentation, one requires edge preservation; the contours must remain sharp and not displaced. Thus, as in Sec. 3.3.2, the openings ͑closings͒ by reconstruction that form the main tools for multiscale morphological image processing are used to introduce a multiscale contrast approach. The multiscale approach proposed next and its related properties are not satisfied by the contrast operators based on the morphological opening ͑clos-ing͒. In particular, from a practical point of view, when the contrast mappings using morphological openings ͑closings͒ are applied by composition, new structures are introduced at finer scales. Thus, in this section we focus on opening ͑closing͒ by reconstruction for building the contrast operators. These operators enable us to compute an output image containing well-defined contrasts at different scales.
Multiscale Contrast Approach
For the sake of simplicity, consider the case of a composition of two contrast operators 1 
␥
are illustrated. Now, let us describe the characteristics of the output image when a composition of two contrast operators is made. In particular, let us illustrate that the second operator does not affect the high-contrast regions of the first. By construction, the output images of the contrast operators verify the following ordering relationships:
Since the opening is a strong filter, ␥ 2 ͓ 1 , 
( f ) computed by the opening ␥ 2 is given by: . In fact, according to the inclusion rela- 
Ͼ, but it also preserves a well-defined contrast, i.e., for all points 
and for all points xS i , and the structures at scale i are preserved,
Moreover, the composition of contrast operators not only preserves a well-defined contrast at each scale, but also increases the contrast at finer scales as expressed by the following property.
Property 6. In a composition of a family of contrast operators ͕ k , ␥ ͖ with 1 Ͻ 2 Ͻ¯Ͻ n , the following ordering relation can be established. For a given i , such that 1рiрn and for all points
Here, the property is illustrated by an example, while in the Appendix in Sec. 7, the proof of the property is made. Consider the composition of two contrast operators 2 , Fig. 7 . Since 2 ,
This means that the second operator increases the contrast of the image 1 , Figure 8 illustrates the composition of two contrast operators. Figure 8͑b͒ shows the output image 2 , Fig. 8͑e͒ . Finally, the images in Figs. 8͑g͒, 8͑h͒, and 8͑i͒ illustrate the segmented images computed by means of the watershed transformation. These images were obtained using the following procedure. First, a modified internal gradient was computed by gradm( f )(x) ϭgradi B ( f )(x) if gradi B ( f )(x)у10 or gradm( f )(x)ϭ0, otherwise. Then, the watershed 21 was applied to gradm( f ) for obtaining an image partition. Next, the average value of the original image, computed inside each element of the partition, was used to affect each region and to obtain the images in Figs. 8͑g͒, 8͑h͒, However, when the parameter 2 is greater than parameter 1 ( 2 Ͼ 1 ), some high-contrast regions can be affected by 2 , 2 ␥ as illustrated in Fig. 9 . In this example, the same size parameters are taken as those in the example shown in Fig. 7 
some high-contrast regions at scale 1 computed by the first operator are removed, as illustrated in Fig. 9͑b͒ . Thus, in the general case for a family ͕ k , k ␥ ͖, the parameters k must verify the condition 1 у 2 у¯у n .
Multiscale Contrast Approach Representation via Top-Hat Residues
In Mukhopadhyay and Chanda, 3 a decomposition of the image based on top-hat residues was introduced and used to define a multiscale contrast approach. In this section, let us show that the multiscale contrast method proposed in Sec. 4.1 can also be characterized using top-hat residues. Nevertheless, in our approach, a threshold applied to the top-hat transformations is taken into account to define the residues. The interest of this characterization is illustrated in Sec. 5. Let us express the high-contrast regions of 2 ,
Terol-Villalobos: Morphological connected contrast mappings based on top-hat criteria . . . based on the set of high-contrast regions of the first level of the family. As described before, the set of high-contrast regions of 1 
where 
Since the set of high-contrast points at scale n is formed by the union of sets S 1 , ( f ), S 2 , ͓␥ 1 ( f )͔,..., S n , ͓␥ nϪ1 ( f )͔, a composition of contrast operators can be defined using the concept of residues ͑top-hat transformations͒. Consider the following residue:
͑8͒
Then, the output image , ( f ) can be expressed in the form:
In the general case, the output image of a composition of contrast operators is given by:
͑9͒
This decomposition based on top-hat residues can also be carried out using morphological openings ͑closings͒ as used by Mukhopadhyay and Chanda. 3 This type of characterization of the output image computed by a composition of contrast operators is useful in the next section.
Some Modified Multiscale Contrast Algorithms
The previously described approach shows interest in applying a family of contrast operators by composition. In particular, properties 5 and 6 illustrate how the contrast is improved at finer scales by applying contrast operators at coarser levels without modifying the structures at each scale. Now, let us study some modifications to the multiscale contrast operators proposed in Sec. 4. First, let us study the composition of contrast mappings applied from coarser scales to finer ones. This way of applying the operators by composition enables us to contrast the image in a different manner. Next, some multiscale algorithms that increase the gray levels of the high-contrast regions are proposed. Thus, the contrast of a region is not only improved by attenuating its neighboring regions, but also by increasing its gray level.
Coarser Scales to Finer Ones
In MM, when a family of filters is applied by composition ͑for example the alternating filters 13, 15, 16 ͒, one begins with a small structuring element, and then proceeds with ever increasing structuring elements until a given size is reached. This procedure was used in Sec. 4. Here, we work the composition of contrast mappings, beginning with the greatest structuring element. In Fig. 10 , an example of a composition of two operators 1 , ␥ 2 , ␥ ( f ) with 1 Ͻ 2 and ϭ2 is illustrated. Figure 10͑b͒ shows the output function 2 , ␥ ( f ) and the set of high-contrast regions, while Fig. 10͑c͒ represents the output function 1 , Fig. 10͑d͒ illustrates the output ( f ) allows the preservation of more regions at finer scales. However, the application of contrast operators from coarser scales to finer ones does not imply that this algorithm is better than the composition applied from finer to coarser scales. In fact, it depends on practical problems. For instance, if the two regions retained by 1 
Multiscale Morphological Contrast and Anamorphoses
The multiscale contrast algorithms introduced in Secs. 4.1 and 5.1 do not permit an increase in the gray level of the image. For example, the gray-level range of the image in Fig. 12͑a͒ lies in the interval 26 to 108. If these algorithms are applied on this image, the gray levels of the output image will remain within this range. A natural method for increasing the gray levels in MM is the use of anamorphoses ͕for example, f (x)→␣ f (x), f (x)→log͓f(x)͔͖. In this work, we only consider the case of linear anamorphoses. Three contrast operators allowing the increase of gray levels in the image are studied. The first two algorithms presented here work bright and dark regions separately, while the remainder works on both bright and dark contrast regions.
Linear anamorphosis applied to the top-hat image
Consider a two-state contrast operator using Eq. ͑9͒:
͔. Now, let us take Terol-Villalobos: Morphological connected contrast mappings based on top-hat criteria . . . the linear anamorphosis ␣a , ␥ ( f ), where ␣ is a positive integer. Then, a new two-state contrast mapping is defined by
When the parameter ␣ is equal to one, we have , Ј ␥ ϭ , ␥ . For the sake of simplicity, the value of parameter ␣ is fixed to the minimum integer value, enabling us to increase the contrast (␣ϭ2). Let us consider some conditions for this last operator. If the parameter takes the zero value, the extensive operator , Ј ␥ ( f )ϭ͕ f ϩ͓ f Ϫ␥ ( f )͔͖ is obtained, and if takes the maximum value of the function a , ␥ ( f ), for all points in the domain of definition of f , 
On the other hand, for all points, , respectively, with 1 ϭ8, 2 ϭ16, 3 ϭ48, and 1 ϭ0, 2 ϭ0, 3 ϭ7 using a linear anamorphosis on the set of high-contrast regions.
It is interesting to compare this two-state contrast operator with those defined by Eq. ͑6͒. The most important difference is that the contrast operators of Eq. ͑6͒ choose the primitive with the smallest top-hat value ͑proximity criterion͒, whereas our operator selects with the greatest top-hat value. By choosing 1 ϭ 2 , the contrast operator processes black and white regions in a similar way. However, as expressed in Sec. 3, black and white regions inside the images generally have different sizes, thus there is no reason to choose the same size for both primitives. Figure 13 illustrates the behavior of this contrast operator. Figure  13͑b͒ shows the output image computed from the image in Fig. 13͑a͒ by the contrast mapping 1 Ј , 2 Ј , 2
The selected sizes for the primitives were 1 ϭ16 and 2 ϭ8 for the first operator, and 1 Јϭ48 and 2 Јϭ16 for the second one, while the parameter values 1 and 2 were taken equal to zero. A similar composition of contrast operators was applied to Fig. 13͑a͒ for obtaining the image in Fig. 13͑c͒ , but in this case the parameter values 1 and 2 were selected as 1 ϭ0 and 2 ϭ7. Compare this last image with that in Fig. 13͑b͒ , and observe how the contrast is increased when the gray level of some regions is attenuated by the opening or closing. Finally, Fig. 13͑d͒ illustrates the output image computed by 1 , 2 , 1
( f ) with the same parameter values used to compute the image in Fig.   13͑c͒ . In this last case, the operator with parameters 1 Ј ϭ48 and 2 Јϭ16 was applied before that of parameters 1 ϭ16 and 2 ϭ8.
Conclusion
In this work, a multiscale connected approach for contrast enhancement based on two-state contrast mappings is presented. Instead of using a proximity criterion to build the contrast operators, a contrast criterion given by the top-hat transformation is used. This type of criterion permits the building of new two-state contrast operators, which enables us to obtain images with a well-defined contrast. When applying by composition a family of contrast operators depending on a size parameter, a multiscale algorithm for image enhancement is proposed. In particular, under some conditions, the output image computed by a composition of contrast operators preserves a well-defined contrast at each scale of the family. This algorithm works from finer to coarser scales. A modified version of this algorithm is also proposed. In this case, the composition of contrast operators begins with the greatest size ͑scale͒ parameter of the family, and proceeds with continually decreasing structuring elements. This sequence of contrast operators enables us to contrast the image in a different manner. Finally, the use of anamorphoses is introduced in the contrast operators to propose some multiscale algorithms that enable us to process images when the dynamic range of gray levels is low.
